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LHC and Tevatron searches for Higgs require
exclusive (differential) jet cross sections
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Exclusive N-jet cross sections
are defined with a jet veto
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large logarithms⇒ ln2 pcut
T

Q

We require that all but N jets
havepjet

T pjet
T < pcut

T
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Exclusive N-jet cross sections
are defined with a jet veto
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N-jettiness quantifies the distance of particles
from beam              and jet           directions

     has dimensions of momentum

It is similar to thrust
N pencil-like jets:
More than N jets:

TN = 0p p
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q1

q2

qa qb

TN ∼ Q

Stewart, Tackmann, Waalewijn

da,b(p) di(p)

TN =
�

k

|�pkT |min
�
da(pk), db(pk), d1(pk), d2(pk), . . . , dN(pk)

�

TN

TN = TN [qa, qb, q1, . . . , qN ]
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                  directly constrains all radiation
to be collinear to N+2 directions or soft

N-jettiness factorizes naturally
      resummation is easier

large logarithms

TN < T cut
N

⇒ ln2 T cut
N

Q
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Exclusive N-jet cross sections
are defined with a jet veto

large logarithms⇒ ln2 pcut
T

Q

We require that all but N jets
havepjet

T pjet
T < pcut

T

TN

→
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αsL
2 ∼ 1 or αsL ∼ 1

Large logarithmic terms dominate
exclusive jet cross sections
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Inclusive cross section has                  so
Fixed order calculation gives accurate results

Exclusive cross section:                 ,  tight cut can give
Resummation is necessary 

When                       ,  resummation improves accuracy 

L = ln
T cut

N

Q

T cut
N � Q

T cut
N ∼ Q L � 1

1 < L < 1/αs

LL
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αsL
2 ∼ 1 or αsL ∼ 1

NNLL

Large logarithmic terms dominate
exclusive jet cross sections

7

σN−jet = 1

+ αsL2 + αsL + αs + αsn1(T cut
N ) NLO

+ α2
sL

4 + α2
sL

3 + α2
sL

2 + α2
sL + α2

s + α2
sn2(T cut

N ) NNLO

+ α3
sL

6 + α3
sL

5 + α3
sL

4 + α3
sL

3 + α3
sL

2 + α3
sL + · · ·

+
.
.
. +

.

.

. +
.
.
. +

.

.

. +
.
.
. +

.

.

. +
. . .

Inclusive cross section has                  so
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Exclusive cross section:                 ,  tight cut can give
Resummation is necessary 

When                       ,  resummation improves accuracy 
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Parton shower codes

Enabled by our work

Cusp anomalous 
dimension

Non-cusp 
anomalous 
dimension

Fixed order     
for matching 
QCD to SCET

LL + LO 1-loop - tree

NNLL + NLO 3-loop 2-loop 1-loop

...
...

...
...
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Resummation ingredients

Two facets of N-jettiness
Jet definition
Observable

Soft calculation
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NNLL Resummation for
N-jet Production at Hadron Colliders 
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Soft-Collinear Effective Theory (SCET) 
factorizes hard, collinear and soft physics 
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Factorization enables resummation 
of large logarithms between 
different scales

Hard function can be obtained 
using 1-loop QCD calculation

Collinear radiation is described by
beam functions and jet functions

Our 1-loop soft function calculation 
is the last missing ingredient for 
NNLL resummation
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Bauer, Fleming, Pirjol, Stewart

σN = HN(µ)×
�
Ba(µ)Bb(µ)

N�

i=1

Ji(µ)
�
⊗SN(µ)

ln2 TN

Q
= 2 ln2 Q

µ
− ln2TNQ

µ2
+ 2 ln2 TN

µ

µH � Q, µB, µJ �
�
TNQ, µS � TN
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�HN = �CN
�C†

N

Some QCD calculations that have been used in matching

                 at NNLO

Drell-Yan at NNLO

Direct photon production at NLO

Two jet production at hadron colliders at NLO

                      at NLO

Aurenche, Douiri, Baier, Fontannaz, Schiff 
Gordon, Vogelsang

Dawson
Djouadi, Spira, Graudenz, Zerwas
Harlander, Kilgore
Anastasiou, Melnikov

Ravindran, Smith, van Neerven
Pak, Rogal, Steinhauser
Harlander, Mantler, Marzani, Ozeren

K. Ellis, Furman, Haber, Hinchliffe
K. Ellis, Sexton
Kunszt, Signer, Trocsanyi

LQCD ∼ �CN · �ON

The matching coefficient is given by the IR-finite part of the QCD-amplitude (in dim.reg.)

Hard function is obtained by
matching QCD to SCET

gg → H

Harlander, Kilgore
Anastasiou, Dixon, Melnikov, Petriello

Ca1a2···αn−1αn

N (p1, p2, . . . , pn−1, pn)

= Afinite(q
a1(p1), q

a2(p2), . . . , g
αn−1(pn−1), g

αn(pn))

Nason, Dawson, K. Ellis
Beenakker, Kuijf, van Neerven, Meng, Schuler, Smith

Altarelli, K. Ellis, Martinelli
Hamberg, van Neerven, Matsuura

pp̄, pp → tt̄ Czakon, Mitov
Bonciani, Ferroglia, Gehrmann, Maitre, Studerus
Frixione, Mangano, Nason, Ridolfi
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Cross section for                             shows
the significant impact of resummation 
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Resummation ingredients

Two facets of N-jettiness
Jet definition
Observable

Soft calculation
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Jets are in general non-planar

W/Z

qbqa

q1

q2

N-jettiness divides particles into jet and beam regions
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Jet definition: 
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≈ (∆ηjk)
2 + (∆φjk)
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k

|�pkT |min
�
da(pk), db(pk), d1(pk), d2(pk), . . . , dN(pk)

�



Teppo Jouttenus (MIT) 14

Jets are in general non-planar

W/Z

qbqa

q1

q2

N-jettiness divides particles into jet and beam regions
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Observable:
Measuring N-jettiness defines exclusive N-jet cross sections

Cross section fully differential in

N-jettiness measures jet mass

Factorization requires 
small jet masses                      

W/Z

qbqa

q1

q2

T a
N

T b
N

T 1
N

T 2
N
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T j
N =

�

k∈j

|�pkT | dj(pk)

M2
j = P 2

j = |�p j
T | T j

N ,

where Pj =
�

k∈j pk

dσ

dT a
N dT b

N · · · dT N
N

=

�
dxadxb

�
d

�
phase
space

�

× Tr
color

�
�HN

�
dta Ba(ta, xa)

�
dtb Bb(tb, xb)

N�

J=1

�
dsJ JJ(sJ)

× �SN

�
T a
N −

ta

Qa
,T b

N −
tb

Qb
,T 1

N −
s1

Q1
, . . . ,T N

N −
sN

QN

� �

TN =
�

i T i
N � Q
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Resummation ingredients

Two facets of N-jettiness
Jet definition
Observable

Soft calculation
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The soft function describes radiation
connecting the collinear sectors
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�SN ∼
�
0
��
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1-jettiness angular phase space 
is divided into three jet regions

W/Z

qbqa

q1

Θa(p) Θb(p)

Θ1(p)

Θ1(p) ≡ θ(q̂a · p− q̂1 · p)θ(q̂b · p− q̂1 · p)
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= + +S1
12 S2

12S12 = S1
12 + S2

12 + S3
12 =

Sij =
�

m

S m
ij

direction of the outgoing gluon 

S3
12

and then seeing which region it ends up in

Calculation simplifies by first choosing
the eikonal lines producing the gluon

18

S12 S23 S13

= + +

�SN =
�

i �=j

Ti ·Tj S ij eikonal lines producing the gluon
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Hemisphere decomposition 
for attachment (i, j)

Produce a gluon from eikonal lines (i, j)
Double divergences are along these directions

Split remaining region(s) into two hemispheres
1-jettiness has only three regions

19

==

�SN ∼
�

i �=j

�
ddp

1
(q̂i · p)(q̂j · p)

F

F

Extend regions (i, j) to full hemispheres

Hemispheres contain all the divergences
and give the expected anomalous dimension

Non-hemisphere contributions are UV and IR finite
as will be shown later

+ -= + -+

hemisphere non-hemisphere
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Hemisphere decomposition 
for attachment (i, j)

F = Fij,hemi + Fji,hemi +
�

m�=i

Fij,m +
�

m�=j

Fji,m

20

F

== + -= + -+

ki = T i
1,soft

Θm(p) ≡
�

l �=m

θ(q̂l · p− q̂m · p)

Θhemi
ij (p) ≡ θ(q̂j · p− q̂i · p)Fij,hemi = Θhemi

ij (p) δ[ki − q̂i · p]
�

l �=i

δ(kl)

Fij,m = Θhemi
ij (p)Θm(p)

�
l �=i,mδ(kl)

×
�
δ(ki) δ[km − q̂m · p]− δ[ki − q̂i · p] δ(km)

�
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Hemisphere contributions
contain all UV divergences

21

(removed by adding counterterms)

�SN ({ki}) = 1
�

i

δ(ki) +
�

i �=j

Ti ·Tj

�
S(1)

ij,hemi({ki}) +
�

m�=i,j

S(1)
ij,m({ki})

�

+ O(α2
s)

+=

S(1)
ij,hemi({ki}, µ)

=
αs(µ)

4π

�
8�

2q̂i · q̂j µ
L1

�
ki�

2q̂i · q̂j µ

�
− π2

6
δ(ki)

�
δ(kj) δ(km)

Ln(x) =
�
θ(x) lnnx

x

�

+

q̂i · q̂j q̂m

The anomalous dimension is determined  
by the hemisphere contribution

The (i, j) hemisphere contribution only 
depends on          ,  not on other
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Non-hemisphere contributions 
depend on angles between all jets

There is a non-hemisphere term 
for each jet region

Divergences are regulated as follows
Soft                  taking the difference
UV                   measurement
Collinear          restriction to region m

m �= i, j

22

Sbare(1)
ij,m ({ki}) ∼

�
dΩd−2 dpi dpj θ(pi) θ(pj)

(pipj)1+�

×
�
δ(ki) δ(km − pm)− δ(ki − pi) δ(km)

�

× δ(kj) θ(pj − pi) Θm(p)

pl ≡ 2q̂l · p

-
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Explicit expression for 1-jettiness
non-hemisphere contribution

I0(α, β) = 2
� φcut(α,β)

0

dφ

π
ln

y+(φ, α)�
β/α

+ 2θ(α− β − 1)
� φmax(α)

φcut(α,β)

dφ

π
ln

y+(φ, α)
y−(φ, α)

I1(α, β) = 2
� φcut(α,β)

0

dφ

π

�
G

�
y+(φ, α), φ

�
−G

��
β/α, φ

��

+ 2θ(α− β − 1)
� φmax(α)

φcut(α,β)

dφ

π

�
G

�
y+(φ, α), φ

�
−G

�
y−(φ, α), φ

��
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S(1)
ij,m({ki}, µ)

=
αs(µ)

π

�
I0

�
1
µ
L0

�ki

µ

�
δ(km)− δ(ki)

1
µ
L0

�km

µ

�
+ ln

q̂j · q̂m

q̂i · q̂j
δ(ki) δ(km)

�
δ(kj)

+ I1 δ(ki) δ(kj) δ(km)
�
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Explicit expression for 1-jettiness
non-hemisphere contribution

I0(α, β) = 2
� φcut(α,β)

0

dφ

π
ln

y+(φ, α)�
β/α

+ 2θ(α− β − 1)
� φmax(α)

φcut(α,β)

dφ

π
ln

y+(φ, α)
y−(φ, α)

I1(α, β) = 2
� φcut(α,β)

0

dφ

π

�
G

�
y+(φ, α), φ

�
−G

��
β/α, φ

��

+ 2θ(α− β − 1)
� φmax(α)

φcut(α,β)

dφ

π

�
G

�
y+(φ, α), φ

�
−G

�
y−(φ, α), φ

��

G(y, φ) = −2Re
�
Li2(yeiφ)

� y−(φ, α) = cos φ−
�

1/α− sin2φ ,

y+(φ, α) = cos φ +
�

1/α− sin2φ

φmax(α) = arcsin
1√
α

, φcut(α,β) =






0 |
√

α−
√

β| ≥ 1 ,

π
√

α +
√

β ≤ 1 ,

arccos
α + β − 1

2
√

αβ
otherwise .

α = q̂j ·q̂m

q̂i·q̂j

β = q̂i·q̂m

q̂i·q̂j

24
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Hemisphere decomposition works for
N-jettiness and other observables

Definition of     does not depend on
number of jets

F

Fij,hemi = θ(q̂j · p− q̂i · p) δ[ki − fi(p) ]
�

l �=i

δ(kl)

Jet iJet j

Jet m1

Jet m2

ηij

φij

Fij,hemi = θ(q̂j · p− q̂i · p) δ[ki − q̂i · p ]
�

l �=i

δ(kl)

Fij,m = θ(q̂j · p− q̂i · p) Θm(p)
�

l �=i,m δ(kl)

×
�

δ(ki) δ[km − q̂m · p ]− δ[ki − q̂i · p ] δ(km)
�

25
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N-jettiness result is 
very similar to 1-jettiness

More delta functions

Same form but more theta functions in I0, I1

S(1)
ij,hemi({ki}, µ)

=
αs(µ)

4π

�
8�

2q̂i · q̂j µ
L1

�
ki�

2q̂i · q̂j µ

�
− π2

6
δ(ki)

� �

m�=i

δ(km)

26

S(1)
ij,m({ki}, µ)

=
αs(µ)

π

�
I0

�
1
µ
L0

�ki

µ

�
δ(km)− δ(ki)

1
µ
L0

�km

µ

�
+ ln

q̂j · q̂m

q̂i · q̂j
δ(ki) δ(km)

�

+ I1 δ(ki) δ(km)
� �

l �=i,m

δ(km)
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N-jettiness result is 
very similar to 1-jettiness

I0(α,β, {αl, βl, φl})

=
1
π

� π

−π
dφ

�
dy

y
θ
�
y −

�
β/α

�
θ
� 1
α
− 1− y2 + 2y cos φ

�

×
�

l

θ
�
αl − 1 + (βl − 1)y2 − 2y

��
αlβl cos(φ + φl)− cos φ

��

I1(α,β, {αl, βl, φl})

=
1
π

� π

−π
dφ

�
dy

y
ln(1 + y2 − 2y cos φ

�
θ
�
y −

�
β/α

�
θ
� 1
α
− 1− y2 + 2y cos φ

�

×
�

l

θ
�
αl − 1 + (βl − 1)y2 − 2y

��
αlβl cos(φ + φl)− cos φ

��

27

Same form but more theta functions in I0, I1

This is the minimal extra complication 
from additional jets

α = q̂j ·q̂m

q̂i·q̂j
, β = q̂i·q̂m

q̂i·q̂j

αl = q̂j ·q̂l

q̂j ·q̂m
, βl = q̂i·q̂l

q̂i·q̂m
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Hemisphere decomposition works for
N-jettiness and other observables

Definition of     does not depend on
number of jets

F

Fij,hemi = θ(q̂j · p− q̂i · p) δ[ki − fi(p) ]
�

l �=i

δ(kl)

Jet iJet j

Jet m1

Jet m2

ηij

φij

specification of regions

Fij,hemi = θ(q̂j · p− q̂i · p) δ[ki − q̂i · p ]
�

l �=i

δ(kl)

Fij,m = θ(q̂j · p− q̂i · p) Θm(p)
�

l �=i,m δ(kl)

×
�

δ(ki) δ[km − q̂m · p ]− δ[ki − q̂i · p ] δ(km)
�

28
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Hemisphere decomposition works for
N-jettiness and other observables

Definition of     does not depend on
number of jets

F

fi(p)

Fij,hemi = θ(q̂j · p− q̂i · p) δ[ki − fi(p) ]
�

l �=i

δ(kl)

Jet iJet j

Jet m1

Jet m2

ηij

φij

specification of regions

Fij,m = θ(q̂j · p− q̂i · p) Θm(p)
�

l �=i,m δ(kl)

×
�

δ(ki) δ[km − fm(p) ]− δ[ki − fi(p) ] δ(km)
�

Fij,hemi = θ(q̂j · p− q̂i · p) δ[ki − fi(p) ]
�

l �=i

δ(kl)

observables
fm2(p)

29
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Conclusions

SCET is powerful for analyzing jet processes with experimental cuts

Exclusive jet cross sections include large logarithms

Can systematically improve fixed order calculations by resummation

Our calculation enables NNLL resummation for exclusive jet production

1-loop soft function was the last missing ingredient

Future work

Direct photon / W / Higgs + 1 jet phenomenology

Use the freedom in the choice of jet regions (jet algorithms, etc.)

Calculate N-jet soft functions for other observables 

Hemisphere structure of the anomalous dimension
suggests that extension to two loops is feasible
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